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We study the application of the methods developed in the electrodynamics of
stochastic media and adapted to the quantum field theory {1, 2], to the equations
of the dynamics of an elastic medium, The method in question does not impose
the usual restrictions of smallness on the magnitude of the fluctuations of the
elastic moduli, Separation of the singular part of the Green tensor [1, 3, 4] and
the introduction of new field variables, is equivalent to the summation of the
quasi-static parts of the elastic moduli, Application of the discontinuous Weber-
Schafheitlin integrals [5, 6] makes possible the accurate computation of the Born
approximation, This brings to light various effects characteristic for the media
possessing a structure [7]; when the dispersive properties can become disconti-
nuous, resonant phenomena arise at the wavelengths comparable with the dimen-
sion of the structure, For a strongly isotropic medium [8) and an exponential
correlation function, we give explicit expressions for the macroscopic elastic
coefficients and for the eigenvalues of the operators,

The methods of computing the static macroscopic coefficients were developed
and used by many authors (see e, g, [3, 4, 9, 10]), Under certain assumptions
made about the mean stress-strain state and the texture of the medium, the ope-
rator relations connecting the average fields became, generally speaking, algeb-
raic, When the dynamic effective parameters are computed, the relations appear-
ing also have a non-local character and this complicates the dispersion equations
considerably, In [11—14] the authors had computed, for the Born approximation,
the macroscopic coefficients for the case of long and short waves when the spa-
tial dispersion could be neglected,

1, The displacement vector #; of a harmonic wave in an inhomogeneous medium,
satisfies the equation )
(Mijier, vg + Poo0?u; = 0 (1.1)

Here A; ikl (r) depends on the spatial coordinates in a random manner, p, is the den-
sity, » is the frequency, while the stresses and strains are connected by the Hooke's law,

Writing the equation (1,1) for 2 homogeneous medium with parameters A;;,° and p,,
subtracting it from (1, 1) and performing simple manipulations, we obtain

Ui, m == uiﬂ,m - S Gin,mj (r — 1) Anjil (rl) Ui, 1 (r) dry (1.2)

.

Mgkt = Mnjsr — hniat
Here u;° denotes the displacement field and &;, (r — r,} is the dynamic Green ten-

sor in the homogeneous mediurm in question, Separating the integral in (1, 2) into its
singular and regular parts, we arrive at the new field quantities
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Eim = u;,m - SGgTI:)mJ'(r - rl) Tnist (rl) Est (r1) d7.1 (1.3)
Eim = Bimkluh', s Tnist == }";lilel-;l]'st (1.4)
Bimit = 83mi + G2 mihmjia

where vy, ;, is the polarization tensor, G,, () is the singular and (;,(R) the regular
part of the Green tensor, The passage to the new variables E;,, and Yy, is equiva-
lent to the process of summing an infinite series for the quasi-static part L;;,, (w0, k)
of the Fourier transform of the effective elastic moduli tensor,

Solving Eq, (1. 3) by consecutive iterations, we obtain a series in powers of V,;js.
Averaging this series and utilizing the Feynman diagrams summation method, we can
write the following Dayson-type [1, 2] equation for the average field (F;,,>:

(Eim) =Ui,m + S S Glaami (1 — 1) Quist (ra— 1) CEy (r1)) drydry (1. )

L
The effective tensor ;s is given by the relation

<Tn.7'stEst> = Pn.?'st <Est> = S Tnist (1" - rl) (Eg (r1)> drl (1.6)
The kernel v;jsl is connected with the mass operator (), by the relation
Ynjst (T — ry = -— Qn}st (r— ry) 1.7

Qnist (r1—T2) = (Ynjar (1) Tprst (T2) Gap, 1w (11 — 1)

The series considered in the present method converge most rapidly, when
Wnjt> = 0 (1.8)
The relations (1, 8) yield a closed system of equations for determining the auxilliary
coefficients in A;j5,° in terms of the moments A;jx;. The physical sense of Eq,(1.8)
is clear, and the conditions of convergence of (1, 8) do not impose any restrictions on the
magnitude of the fluctuations of A;;p;.
Let us write the relations connecting the old and new variables

Eim = [8um; + G5 mihniia] Uy = Bimglex,1 1.9
YniimEim = hniklggilimBimslus,t = K;jk:uzs,l (1.10)

Averaging (1, 9) and (1,10) we obtain

<Eim> = [6ik6ml + GT(,:L), mj (Anj]ﬂ - 7\:;5“)] (uk',) (1.11)
Priim CEim> = (Apjir — Mnjir) i, 1> (1.12)

Substitution of (1, 11) into (1, 12) yields
Crjim [8:48,ms + G s (A ikt — Mmsd)] Cug,1> = (Apjgr — Mgt <uie,1> (1.18)
The tensor Anjx:* is given by the relation
(o> = My (k1> = S?\ri’jk: (r — ry) uk,i(r)> dry

Let the system under consideration be statistically isotrepic and homogeneous, We
consider the average displacement fields of the form #%" , The relations (1,13) can
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now be written as

Dnjim { zh6mE + Gm, ny (qu;;z - }v;qh'l)] = Lijiil - }Vi‘;h‘( (1. 14)

Here D, jim (®, k) and L, ;,, (w, k) are the Fourier transforms of the kernels of
the operators 1", ;; . and A, ;x,. Solving (1,14) for L, ;,, we obtain

° -1
Ls‘th’{ = }Vsth‘l J‘ MatnanjM (1'15)
(s)
/-’pmn o= ‘Spnafu - Dnanm mq

2, let us turn our attention to finding the auxilliary coefficients, Let the medium
defined by Aijx1 be isotropic and homogeneous, and let the inhomogeneous medium be
isotropic

Aijir = A8;0 + W (8 + 8ubse) {2.1)
Migir (1) = A (1) 50 +- 14 (r) (835 + 8ubin) (2.2)

Then in the formulas (1.4) we have
Bt = b18im8y; + 028185 + 038,00y (2.3)

by = GOV £ 3GVK, b= 14 GPW, by =GO
Bimit = b1 88y -+ 578348, + b5 0,18,
byt = —by [(3b, -+ by - by) (by + b7, Byt = by (B —
by?)!
byt — by (b — byt), G = (3%} + Buo)l5p, (e + 2ug)l™
G = —(hy + )15y (A + 2pg)l-
Yot = Y100i0s 4= T2 (8ns0j + 0,85) (2. 4)
Y= K (4 K (o 2007 1 = 11+ o Yo
K' =)+ %H
o= W I 4 p Gk F A5pg) (15hope 4 30pet)

The relations (1, 8) give, in the isotropic case, two equations for determining A,, u,
and (K, p,) in terms of the moments A and p (K, p). Assuming a definite 1aw of
distribution of A, p and K, we can calculate Ay, p, and K, in the manner analog-
ous to that of [1], For the composites and polycrystals we obtain self-consistent field
equations,

Equations (1, 8) and (2. 4) can be solved by consecutive iterations without concretizing
the mode of distribution, In the zero approximation we obviously have

by = (), Wo -<p, Ky KD
In the first approximation
K = (KD = Ny <K -1 Ay (K™ —
e ==y — Mgy <> - M <w'™ — .
A\(O} = (2007, My =23 %8;@ L) py <ho2pl”
The values of Ay, MHoand (K o Mo) obtained in this manner, can now be substituted
in all the above ftormulas,

(2. 5)
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8, Let us compute the second term of the formula (1.5), From the relations (1, 5)—
(1. 7), with (2,1)—(2.4) in the Born approximation in ¥,;;; taken into account, it fol-
lows that the expression for the kernel Ynjys (7 — r;) has the form

Tnivd (7 —T1) = 71" (0) ps0xs + 72" (0) (6rvBj5 + Br88;y) -+ G.1)
73* (P) (annvns -+ 6Y5n‘nnj) -+ TA‘ (P) (am‘njnﬁ +
Srsniniy + Sjsnany + Siynans) + 157 (0) Panjnyns
p==]r—r n; = p;p~t
o (B, P) 1 i
o' (0) = RO {2ot? 152 4 LB, (ko) ™}
Ay =42, — k2p?, By = kot — 24ik,30° — 122, A, = 2z,
By,=4 (324 + ka?p%), As3=24,, A;=— 3z, + k2%
By = — 2 (3024 + 2%k - kop® + 10ike30%), Ay = 0

B4 == 4 (6Zaka2p2 - 15Za _— 5,:]50‘303)’ B5 180kazpzza
420z, -+ 4k 2p* — 140ik,3p3, 24 = tk,p — 1
2
[ (ka))it = 1 Rip) — F k), it = T3 e2 =E2
Ao+ 2 a
o= ...‘3_1;0_“0 s (Ynist (1) Yapys (r2)> = R (p) Rn?sﬂgs
The eigenvalues of the operators I';jim and A, jr1 can be found from the formulas

DnJ'YB ((‘)9 k) = S T:lj'rﬁ (P) e-ikpdp 3.2)

Ly i (0, k) = S A':m"é (p) e~kedp

Passing in (3, 2) to the spherical coordinates, we perform the integration over the angles,
The integrand expressions are then transformed into the Bessel functions with half-integ-
ral indices and we obtain the discontinuous Weber-Schatheitlin and Sonine-Gegenbauer
and Bailey integrals, Moreover, we regularize the integrals using the recurrence formu-
1as for the Bessel functions, The computations are carried out for the correlation func-
tion R (p)= R, exp {—p; / a;)(a; denote the correlation radii), The expressions for
D, (0, k) and Ly;p; (0, k) also have the form of isotropic tensors

Dy (0, q) = Dy (o, 98,08 + Dy (0, )8,y + 8,505) + (3.3)
Dy (0, @)(8nseves + Sysenl;) + Dy (0, ¢)(8jeney +8jenes +
Snsejey + 8n vejes) + D5 (0, gleneseves

e =qg™" ¢ =k+a? =g

Let us write the explicit expressions for D, and D, corresponding to the case of a
strongly -isotropic medium
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R Ii}t} 2 @) Gn o, Fi 21y
fz),,,.-_-._wi{7 5(41*2 T 4+ Gt
41¢8) dno | RATE k2
(8) 1o a " ma (7)
mz, mz,t + Dt 'Jou)z' [ 8k + (F
JF(s) —-211(9)3L 4 3]:1(10) + F(ll + 21‘1(12) + ZOZ;%F(IB)) +
oL (270, + 2T + 3008 + 9702 +108T42 +

_Ergii)) + 5“711 -3 (I(l) (2) } l}’ m=1,2

Depending on the relatjons between k, and ¢, we obtain the following four different ex-
pressions for the coefficients of the polarization D, :

1) g<hp 2o =gh3', 2=Lt
r{’: =0,n 4, 7,14,17, IV =0,p=+1,2,3,4,7,14,17
I =0,n14,15, T =0,p==1,3,14,15, % =T1% =0
2y q=F, z4= kgt
I =0, ns=1,314,15, I¥ =12 =0, a=1It
3) b <qg<k
I'P =0, n+491016, T¥% =0, p==1,2,4,12,14,17
I =0, n+11,13,16,18, TP =0, p=1,3,15, Y =I%=0
4) k¢<q
=0, n#4,8,10,16, TI'P =0, ps=4,5,6,8,10,16
I =0, n%11,13,16, TP =0, p==5,6,11,13,16
R=I=0, Ld+0, I2+0
I8, = 5¢% — 69¢%%k,® + 211¢%k,2 — 111k,°
I = 5% — 9gtk,? + 119¢%k, — 614,°

Here the coefficients I‘ff}a are expressed, with (3, 1) and (3. 2) taken into account, in
terms of the hypergeometric functions F (a, §, ¥, 2) in accordance with the Weber-
Schatheitlin formulas [6], The structure of the expressions for D3, D, and D is ana-
logous to that of Dyand D,

Let us note the following, Use of the discontinuous integrals in our computations
makes it possible to obtain exact expressions for D, (o, ¢), and the relation connect-
ing the wavelengths of the average and initial fields with the correlation radius, is the
essential one, Study of the convergence of the hypergeometric functions shows, in the
present case, that F (a, B, ¥, 2) converge wherever & -}- § — y <~ 0, and diverge

z=1,if 0 {a-+ P — 1y < 1. Thus the dispersion relations become disconti-
nuous at ¢ = k; and ¢ = k,. The asymptotic forms of the expressions for D, (®, g)
are obtained, in the case when the spatial dispersion is neglected (ag < 1, a¢ > 1),
from the above relations with k;, k, < ¢. With D ,;,; known we can compute Loiwts
and the strongly isotropic field 1, ;,, has the corresponding strongly isotropic field
L, jn1- Let us write the explicit expressions for L, 7, and L interms of D}y, D, and
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D in the strongly isotropic case

Dy 2
= ——— = —_— - 3‘
Ly =p, + 1 _20(13)D2, Li=M+1L 3 L, (3.95)
1 —2G6B¥p 268)D.
L=K,+D L
1—3(GP+368)D 126 Dy

The formulas (3, 5) which give the eigenvalues of the effective elastic operators enable
us to compute the velocities, the decay, the effective scattering cross section and other
macroscopic coefficients of the medium in question,
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